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Sonic fatigueAbstract A finite element formulation is presented for the analysis of the aeroelastic effect on the
aerothermoacoustic response of metallic panels in supersonic flow. The first-order shear deforma-
tion theory (FSDT) and the von Karman nonlinear strain-displacement relationships are employed
to consider the geometric nonlinearity induced by large deflections. The piston theory and the Gaus-
sian white noise are used to simulate the mean flow aerodynamics and the turbulence from the
boundary layer. The thermal loading is assumed to be steady and uniformly distributed, and the
material properties are assumed to be temperature independent. The governing equations of motion
are firstly formulated in structural node degrees of freedom by using the principle of virtual work,
and then transformed and reduced to a set of coupled nonlinear Duffing oscillators in modal coor-
dinates. The dynamic response of a panel is obtained by the Runge-Kutta integration method. The
results indicate that the increasing aeroelastic effect can lead the panel vibration from a random
motion to a highly ordered motion in the fashion of diffused limit cycle oscillations (LCOs), and
remarkably alter the stochastic bifurcation and the spectrum of the aerothermoacoustic response.
On the other hand there exists a counterbalance mechanism between the external random loading
and the aeroelastic effect, which mainly functions through the nonlinear frequency-amplitude
response. It is surmised that the aeroelastic effect must be considered in sonic fatigue analysis for
panel structures in supersonic flow.
 2016 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is
an open access article under theCCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Skin panels of advanced high-speed aircraft are simultaneously
subjected to mean flow aerodynamic loading, thermal loading,
boundary layer turbulent loading, and even shock impinging.1
Under such extreme combined loading, heated panels may
experience a co-existing behavior associated with panel flutter,
thermal buckling snap-through, and random motion with large
amplitudes. This co-existing behavior can bring a high alter-
nating stress and thus significantly accelerate the panel fatigue, http://
2 X. Wang et al.damage. Based on this consideration, an accurate prediction of
the nonlinear dynamic response and an analysis of the interac-
tion mechanism (especially the aeroelastic effect) within a
multi-physical system are required. However, there have been
few studies to investigate the aerothermoacoustic responses
of skin panels. For a long time, this multi-physical dynamic
problem of heated panel structures in supersonic flow has
always been divided into two separate classes, namely, (1)
thermo-acoustic fatigue and (2) aeroelastic instability (panel
flutter).2
The existing studies on thermo-acoustic fatigue prediction
are mainly based on the response of the single degree of free-
dom (SDOF) model of a structure, in which a single-mode
Fokker-Planck equation is employed to simulate the displace-
ments and strain histograms of a target panel under combined
thermo-acoustic loading.3,4 An excellent review of sonic fati-
gue given by Clarkson3 listed different sources of the random
loading for aircraft skin panels; another detailed review given
by Wolfe et al.4 presented design guides, finite element meth-
ods, and validation technologies for panel sonic fatigue
response prediction. To predict the panel stochastic response,
a nonlinear finite element technique, which is applicable in
the low and medium frequency ranges for the nonlinear
response prediction of stiffened panels, was proposed by McE-
wan et al.5 The Galerkin and Monte Carlo (MC) methods for
isotropic/composite panel structures under thermo-acoustic
loading were developed by Vaicaitis.1 Meanwhile, a well-
characterized experiment conducted by Ng and Clevenson6
investigated the snap-through phenomenon in detail for heated
panels under thermo-acoustic loading. Recently, a review of
indirect/non-intrusive reduced-order methods that are capable
of dealing with geometric nonlinearity was given by Mignolet
et al.7,8 To determine the suitability of various high-cycle fati-
gue models for metallic panel structures under thermal-
acoustic loading, a methodology was developed by Przekop
and Rizzi,9,10 and the influences of different basis selections
were also investigated.
Panel flutter is an aeroelastic instability phenomenon due to
the frequency coalescence of corresponding coupled modes.
Most flutter analysis can be grouped into four categories based
on linear/nonlinear structure theories and different aerody-
namic theories. The main task of flutter analysis was to deter-
mine the critical dynamic pressure, the mode shape, and the
frequency at the onset of flutter.11,12 An excellent investigation
on nonlinear oscillations of fluttering plates was given by
Dowell,13 in which the results indicated that four to six modes
should be used for panel flutter analysis, and small static pres-
sures could alter the flutter boundary. From the amplitude
statistics perspective, the nonlinear response of composite/
metallic panels under combined acoustic and aerodynamic
loading was studied by Abdel-Motagaly et al.,14 and the results
showed that the aeroelastic effect must be considered at a high
dynamic pressure level. Similar conclusions for clamped func-
tionally graded material (FGM) panels were confirmed by
Ibrahim et al.,15 in which thermal loading was taken into
account, and the thermal buckling snap-through and the
post-buckling motion were examined based on deflection time
histories. Then, a two-way coupling aerothermoacoustic
numerical model for panels at high-speed flow was developed
by Miller et al.,16 and the results showed that the inclusion
of forced pressure loading could reduce the onset time of panel
flutter. In order to validate the numerical model, researchers atPlease cite this article in press as: Wang X et al. Aeroelastic eﬀect on aerothermoacous
dx.doi.org/10.1016/j.cja.2016.10.003the Air Force Research Laboratory (AFRL), USA, have con-
ducted a series of experiments to investigate the co-existing
behavior for panel structures by using a novel continuous flow
wind tunnel, RC-19, in which both the turbulent boundary
layer and the mean airflow can be simulated, and the experi-
mental results have confirmed the necessity of an integrated
aerothermoacoustic analysis for sonic fatigue of skin
panels.17,18
Considering that the governing equations of a multi-
physical dynamic system can be treated as a set of coupled
Duffing oscillators driven by a random excitation in nature,
a single Duffing oscillator can be employed as a classical para-
digm to illustrate some nonlinear phenomena of the co-existing
behaviors associated with stochastic bifurcations and jumps.
For a single Duffing oscillator, it is well known that there exist
some unstable specific frequency regions in which the vibration
amplitude suddenly jumps up/down,19 and thus the response
amplitudes can be multi-valued.20–24 Recently, based on the
SDOF Duffing model of a buckled beam, Wiebe and
Spottswood25 investigated the effects of damping and excita-
tion intensity on the co-existing response numerically and
experimentally, and it is shown that the co-existing behaviors
are sensitive to both the excitation frequency and intensity.
To the best of the authors’ knowledge, most conclusions of
the previous aerothermoacoustic investigations are obtained
from the perspective of the response time history or its statistic
characteristics. However, it is also important to study the spec-
trum characteristics of the co-existing behavior. Motivated by
the need for an expanded investigation on the integrated
aerothermoacoustic response, especially the aeroelastic effect
on the dynamic responses of panel structures in supersonic
flow, a nonlinear finite element formulation is presented to
investigate the aeroelastic effect in this paper. The nonlinear
equations of motion are firstly formulated in the structure
node degrees of freedom, and then the model order is reduced
by using a modal transformation approach. The Runge-Kutta
integration method is employed to obtain the dynamic
response. Finally, numerical examples are presented to illus-
trate the aeroelastic effect on the aerothermoacoustic response.2. Finite element formulation
In this section, the formulation of the finite element governing
equations is deduced based on the following assumptions or
theories: (1) the cavity effect of the air entrapped under the
skin panel is neglected, (2) the first-order piston theory is used
to simulate the supersonic mean flow aerodynamic loading, (3)
for convenience, the turbulent loading from the boundary
layer is assumed to be a band-limited Gaussian white noise
in time domain and uniformly distributed over the panel sur-
face, (4) the thermal loading is assumed to be steady and uni-
formly distributed in the panel, and (5) the panel parameters
are independent on temperature.
The corresponding model can be schematically depicted in
Fig. 1, which consists of three components: (1) the aerody-
namic loading, which is coupled with the panel vibration, (2)
the transient deformation of the heated panel, which is excited
by both the disturbance loading and the self-induced aerody-
namic loading, and (3) the disturbance loading caused by the
boundary layer/engine noise. The first two components can
build a traditional aeroelastic self-sustained system, while thetic response of metallic panels in supersonic ﬂow, Chin J Aeronaut (2016), http://
Fig. 1 Schematic of an aerothermoacoustic model for skin
panels.
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nal excitation.
2.1. Nonlinear strain-displacement relations
Based on the first-order shear deformation panel theory, which
assumes that the transverse shear deformation is constant
through the panel thickness, the displacement fields of the
panel can be expressed as
uðx; y; zÞ ¼ u0ðx; yÞ þ zuyðx; yÞ
vðx; y; zÞ ¼ v0ðx; yÞ þ zuxðx; yÞ
wðx; y; zÞ ¼ w0ðx; yÞ
8><
>: ð1Þ
where uðx; y; zÞ, vðx; y; zÞ, and wðx; y; zÞ are the displacements
of the panel in the x, y, and z directions, respectively, and z
is the transverse coordinate. u0ðx; yÞ, v0ðx; yÞ, and w0ðx; yÞ
are three unknown displacement components of the middle
plane in the x, y, and z directions, respectively. ux and uy
are the rotations of the normal to the mid-surface with respect
to the x and y axes, respectively. The nodal degrees of freedom
vector of a three-node triangular Mindlin plate element
(MIN3) can be written as
wb
wu
wm
2
664
3
775 ¼ wB
wm
" #
¼ w
wu ¼ ux uy
 T
wm ¼ u v½ T
wB ¼
wb
wu
" #
8>>>>>>>><
>>>>>>>>:
ð2Þ
where wb is the transverse displacement vector of the middle
plane. The relation between the element displacements and
the nodal displacements can be presented in terms of interpo-
lation shape function matrices as
u0 ¼ Huwm
v0 ¼ Hvwm
w0 ¼ Hwwb þHwuwu
ux ¼ Huxwu
uy ¼ Huywu
8>>>><
>>>>:
ð3Þ
where Hu and Hv denote the in-plane displacement interpola-
tion shape function matrices, Hw denotes the transverse dis-
placement interpolation shape function matrix, while Hwu,
Hux, and Huy denote the rotation displacement interpolation
shape function matrices.26 These six interpolation shape func-
tions are formulated in details in Appendix A. Based on the
von Karman deflection theory, the in-plane strains and curva-
tures can be expressed asPlease cite this article in press as: Wang X et al. Aeroelastic eﬀect on aerothermoacous
dx.doi.org/10.1016/j.cja.2016.10.003e ¼ em þ emb þ zk ð4Þ
where em, emb, and zk are the linear membrane strain vector,
the nonlinear membrane strain vector, and the bending strain
vector, respectively. Using the interpolation shape function
matrices in Eq. (3), each term in Eq. (4) can be written as
em ¼
@u
@x
@v
@y
@u
@y
þ @v
@x
2
66664
3
77775 ¼ Cmwm ð5-1Þ
emb ¼
1
2
@w
@x
 2
1
2
@w
@y
 2
@w
@x
 @w
@y
2
6666666664
3
7777777775
¼ 1
2
@w
@x
0
@w
@y
0
@w
@y
@w
@x
2
6664
3
7775
@w
@x
@w
@y
2
664
3
775
¼ 1
2
H Cmb1wb þ Cmb2wu
 
ð5-2Þ
k ¼
@uy
@x
@ux
@y
@uy
@y
þ @ux
@x
2
66666664
3
77777775
¼ Cbwu ð5-3Þ
where
Cm ¼ @Huy
@x
@Hux
@y
@Hux
@x
þ @Huy
@y
 	T
ð6-1Þ
H ¼
0
@w
@y
@w
@x
@w
@x
0
@w
@y
2
664
3
775
T
ð6-2Þ
Cmb1 ¼ @Hw
@x
@Hw
@y
 	T
ð6-3Þ
Cmb2 ¼ @Hwu
@x
@Hwu
@y
 	T
ð6-4Þ
Cb ¼ @Hu
@x
@Hv
@y
@Hv
@x
þ @Hu
@y
 	T
ð6-5Þ
and the transverse shear strain vector can be expressed as
c ¼ cyz
cxz
 	
¼ ux
uy
" #
þ @w=@y
@w=@x
 	
¼ Ccwwb þ Ccuwu ð7Þ
where
Ccw ¼
@Hw
@y
@Hw
@x
2
664
3
775 ð8-1Þ
Ccu ¼
@Hwu
@y
þHux
@Hwu
@x
þHuy
" #
ð8-2Þtic response of metallic panels in supersonic ﬂow, Chin J Aeronaut (2016), http://
4 X. Wang et al.2.2. Stress-strain relationship
The stress-strain relations of isotropic metallic panels sub-
jected to a temperature elevation of DTðx; yÞ can be given by
r
s
 	
¼
rx
ry
sxy
syz
sxz
2
666664
3
777775 ¼
E
1t2
E
1t2 0 0 0
E
1t2
E
1t2 0 0 0
0 0 G 0 0
0 0 0 G 0
0 0 0 0 G
2
666664
3
777775
ex  aDT
ey  aDT
cxy
cyz
cxz
2
666664
3
777775
¼ Q 032
023 Qs
 	 ex  aDTey  aDT
cxy
cyz
cxz
2
666664
3
777775
ð9-1Þ
r ¼ rx ry sxy½ T ð9-2Þ
s ¼ ½ syz sxz T ð9-3Þ
where t, E, and G are the material properties of the metallic
panel, and a is the thermal expansion coefficient. In the current
study, the material properties are assumed to be temperature
independent. Based on the Reissner-Mindlin theory that
assumes that the constitutive relations between the transverse
shear stress resultants and the shear strains are satisfied only
in an average-corrected form, the constitutive equations for
the isotropic metallic panel can be written as
N ¼ Aðem þ embÞ þ BkNT
M ¼ Bðem þ embÞ þDkMT
R ¼ Asc
8><
>: ð10Þ
where
ðA;B;DÞ ¼
Z h=2
h=2
ð1; z; z2ÞQdz ð11-1Þ
As ¼
Z h=2
h=2
Qsdz ð11-2Þ
ðNT;MTÞ ¼
Z h=2
h=2
aDTð1; zÞQdz ð11-3Þ
where N,M, and R denote the in-plane force vector, the bend-
ing moment vector, and the transverse shear force vector,
respectively. A, B, D, and As are the in-plane stretching stiff-
ness matrices, the bending-stretching coupling stiffness matri-
ces, the bending stiffness matrices, and the shear stiffness
matrices, respectively. Meanwhile, NT andMT are the thermal
in-plane force resultant and the thermal moment resultant
vectors.
2.3. Aerodynamic loading
For most studies of supersonic panel flutter, the aerodynamic
load on the panel outside surface can be approximated by the
quasi steady first-order piston theory, which is valid forﬃﬃﬃ
2
p
< Ma and shows good accuracy in the range ofﬃﬃﬃ
2
p
< Ma < 5, and the aerodynamic loading with zero yaw
angle airflow parallel to the panel surface can be expressed
as13–15Please cite this article in press as: Wang X et al. Aeroelastic eﬀect on aerothermoacous
dx.doi.org/10.1016/j.cja.2016.10.003pa ¼  2qab @w@x þ Ma
22
Ma21  1V1  @w@t
 
¼  k D110
a3
 @w
@x
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃkRMp D110x0a4  @w@t  ð12Þ
where qa ¼ 12 qaV21 is the mean flow dynamic pressure, V1 is
the mean flow velocity, qa is the air density, Ma is the Mach
number, D110 is the first element D(1,1) of the bending stiffness
matrix D in Eq. (10), k ¼ 2qaa3bD110 is the non-dimensional dynam-
ical pressure with b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ma2  1
p
, and a is the panel length in
the stream wise direction. The aerodynamic damping coeffi-
cient is RM ¼ ðMa22Ma21Þ
2 l
b, with the air-panel mass ratio l ¼ qaaqh
For Ma 1, RM  l=Ma, and in this study, the value
RM ¼ 0:1 is selected. Applying the interpolation shape func-
tion matrices described in Eq. (3), the aerodynamic loading
can be written as
pa ¼  k D110a3 @Hw@x wb þ @Hwu@x wu
 h
þ ﬃﬃﬃﬃﬃﬃﬃﬃﬃkRMp D110x0a4 Hw _wb þHwu _wu i ð13Þ2.4. Acoustic loading
For the nonlinear finite element approach presented in this
study, the input acoustic excitation is assumed to be a station-
ary, band-limited Gaussian random noise and uniformly dis-
tributed over the panel surface. The power spectrum density
function can be specified as27–29
SðfÞ ¼ P
2
ref  10SPL=10 0 6 f 6 fc
0 Otherwise
(
ð14Þ
where Pref ¼ 20 lPa is the reference pressure, fc is the selected
cutoff frequency in Hertz, and the sound pressure level (SPL)
is the sound spectrum level in decibels (dB).
2.5. Governing equations and solution procedures
To obtain motion equations for heated skin panels subjected
to combined aerodynamic and random acoustic loads, the
principle of virtual work, which states that for an equilibrium
system, the total work done by internal and external forces
with an virtual displacement is zero, can be expressed as
dW ¼ dWint  dWext ¼
XNe
i¼1
dWeint 
XNe
i¼1
dWeext ¼ 0 ð15Þ
The elementary internal virtual work can be given as
dWeint ¼
Z
A
dðem þ embÞTNþ dkTMþ asdcTR
 
dA
¼
Z
A
½dðem þ embÞT ðAðem þ embÞ þ BkNTÞ½
þ dkTðBðem þ embÞ þDkMTÞ þ asdcTAsc

dA ð16Þ
or
dWeint ¼ dwT kþ asks  kT þ
1
2
k1 þ 1
3
k2
 
w wT
0
puT
pmT
2
64
3
75
ð17Þtic response of metallic panels in supersonic ﬂow, Chin J Aeronaut (2016), http://
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and thermal stiffness matrices, respectively, while k1 and k2 are
the elementary first- and second-order nonlinear stiffness
matrices, respectively. In addition, puT and pmT are thermal
induced load on the rotational and membrane displacements,
respectively. as is the improved shear correction factor, whose
value can be defined as
as ¼ khskps ð18Þ
where khs is the thickness correction factor, and in Reissner
plate theory, khs ¼ 5=6. kps , the in-plane correction factor
obtained from ks and k in Eq. (17), can be written as
14,26
kps ¼ 11þa2
a ¼
P
i¼4;9ksði;iÞP
i¼4;9kði;iÞ
8><
>: ð19Þ
The elementary external virtual work, without considering
inertial coupling between the in-panel and transverse deflec-
tions, can be expressed as
dWeext ¼
R
A
dwpadAþ
R
A
dwpbðtÞdA
þ R
A
dwðqh€wÞdAþ R
A
dwðqh€uÞdA
þ R
A
dwðqh€vÞdA ¼ R
A
dðHwwb þHwuwuÞT


k D110
a3
ð@Hw
@x
wb þ @Hwu@x wuÞ
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃkRMp D110x0a4 Hw _wb þHwu _wu 
qh Hw€wb þHwu€wu
 	
dA
 R
A
dwTmH
T
uqhHu€wmdA
 R
A
dwTmH
T
vqhHv€wmdA
þ R
A
d Hwwb þHwuwu
 T
pbðtÞdA
¼ dwT m€wþ Ca _wþ kawþ
pbb
pbu
0
2
64
3
75
0
B@
1
CA
ð20Þ
where m, Ca, and ka are the elementary mass matrix, aerody-
namic damping matrix, and aerodynamic stiffness matrix,
respectively, while pbb and pbu are the external random load
vectors on the transverse and rotational displacements, respec-
tively. Assembling each elementary virtual work described in
Eqs. (17) and (20), the system governing equations in nodal
degrees of freedom can be obtained as
MB 0
0 Mm
 	
€wB
€wm
 	
þ CA 0
0 0
 	
_wB
_wm
" #
þ KB KBm
KmB Km
 	
 KT 0
0 0
 	
þ KA 0
0 0
 	
þ 1
2
K1B K1Bm
K1mB 0
 	
þ 1
3
K2B 0
0 0
 	
wB
wm
 	
¼ pB
0
 	
þ pBT
pmT
 	
ð21Þ
where subscripts ‘‘B”, ‘‘m”, ‘‘A”, and ‘‘T” stand for the
bending-stretching, membrane, aerodynamic, and thermal
components, respectively, as different combinations of sub-
scripts ‘‘Bm” (‘‘mB”), ‘‘BT” and ‘‘mT” denote that the corre-
sponding matrices/vectors are related to the bending-stretchingPlease cite this article in press as: Wang X et al. Aeroelastic eﬀect on aerothermoacous
dx.doi.org/10.1016/j.cja.2016.10.003displacement wB ¼ ½wb wu T with the membrane displace-
ment wm, as well as the thermal induced forces on the
bending-stretching and membrane displacements. The terms
with superscript ‘‘—” denote the system displacement and
force vectors, and separating the membrane and transverse dis-
placement equations in Eq. (21) results in30
MB€wB þ CA€wB þ ðKB  KT þ KA þ 12K1B þ 13K2BÞwB
þ KBM þ 12K1Bm
 
wm ¼ pB þ pBT
Mm€wm þ KmB þ 12K1mB
 
wB þ Kmwm ¼ pmT
8><
>: ð22Þ
Because the thermal force vectors pmT are assumed to be
steady, thus the in-plane inertia term Mm€wm can be neglected,
and the in-plane displacement can be expressed as
KmB þ 1
2
K1mB
 
wB þ Kmwm ¼ pmT ð23Þ
wm ¼ K1m pmT  K1m KmBwB 
1
2
K1m K1mBwB ð24Þ
Thus the system equations of motion can be stated as a
function of wB as
MB€wB þ CA _wB þ KB  KT þ KA þ 12K1B þ 13K2B
 
wB
þ KBm þ 12K1Bm
 
K1m pmT  K1m KmBwB 
1
2
K1m K1mBwB
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
wm
¼ pB þ pBT
ð25Þ
The bending displacement in Eq. (25) can be expressed as a
linear combination of normal transverse modes as
wB ¼ QqðtÞ 
XN
r¼1
QrqrðtÞ ð26Þ
where Q ¼ ½Q1 Q2 . . . QN  is the selected natural mode shapes
of the panel in the absence of aerodynamic stiffness. These
normal transverse modes can be obtained from a derived eigen
problem without the thermal effect of Eq. (25) as
x2rMBQr ¼ ðKB  KBmK1m KmBÞQr ð27Þ
Accordingly, the system governing equations in Eq. (25)
can be transformed into the modal coordinates as
MB€qþ CA _qþ 2nrfrIMB _qþ ðKL þ KNLÞq ¼ PB ð28Þ
where the terms with superscript ‘‘—”denote the correspond-
ing matrices in the modal system, and
MB;CA;KL
  ¼ QTMB;CA; ðKB  KT þ KA þ 1
2
K1BmK
1
m PmT
 KBmK1m KmBÞ

Q ð29-1Þ
KNL ¼ QT 1
2
K1B þ 1
3
K2B  1
2
KBmK
1
m K1mB 
1
2
K1BmK
1
m KmB

 1
4
K1BmK
1
m K1mB

Q ð29-2Þ
PB ¼ QT pB þ pBTð Þ QTKBmK1M pMT ð29-3Þtic response of metallic panels in supersonic ﬂow, Chin J Aeronaut (2016), http://
6 X. Wang et al.Considering the structural damping effect, a structural
modal damping matrix 2nrfrIMB has been added to Eq. (29).
The coefficient nr ¼ 0:01 is the modal damping ratio of the
rth mode, and fr is the corresponding natural frequency.
Finally, the fourth-order Runge-Kutta integration method is
employed to obtain the dynamic response. Eq. (28) can be
rewritten in the state space, and the fourth-order Runge-
Kutta numerical integration method with a fixed time step of
1/5000 s is adopted to solve the dynamic differential equations,
while a random acoustic loading is generated with the same
time step.15Table 1 Geometric and material properties of titanium alloy
panel.
Geometric properties Material properties
Dimensions: 0.3 m  0.3 m  0.001 m E= 113 GPa,
G= 46 GPa
Boundary conditions: clamped
(C-C-C-C)
Poisson’s ratio: t= 0.3
Mesh size: 20  20  2 Density: q= 4370 kg/m3
Element: MIN 3 a= 8.5  106 C1
Table 2 Modal convergence for composite panel.
No. of modes RMS (W/h)
6 0.4928
12 0.7838
16 0.7843
26 0.7848
30 0.7848
Fig. 2 Comparison of limit-cycle oscillation amplitudes.
Table 3 Natural frequencies (Hz) of a fully clamped titanium plate
Order 1 2 3 4 5
NASTRAN 97.96 199.80 199.90 294.84 35
FEM (MIN3) 98.67 201.76 201.99 299.22 36
Error (%) 0.73 0.98 1.04 1.49 2.1
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The aeroelastic effect on the nonlinear dynamic response of
heated square isotropic panels under combined acoustic and
aerodynamic loading is investigated in this section. Mean-
while, the influences of three parameters: temperature eleva-
tion, sound pressure level (SPL), and non-dimensional
dynamic pressure are examined. In the example studies, the
dimension of the square titanium alloy panel is
0.3 m  0.3 m  0.001 m with fully clamped edges, and the
panel is modeled with a 20  20  2 mesh with MIN3 ele-
ments. The reference temperature is assumed to be 24 C,
and the first-order critical buckling temperature elevation is
DTcr ¼ 4:626 C. A thermal loading with a specific tempera-
ture elevation of DT=DTcr ¼ 1:2 is uniformly applied to the
panel, and thus there exists the thermal induced in-plane stress
which can make the panel prone to static buckling or dynamic
snap-through. The panel’s geometric and material properties
are presented in Table 1.
3.1. Validation of formulation
Before conducting detailed studies, a converged study is firstly
investigated with SPL ¼ 120 dB, DT=DTcr ¼ 1:0, and
k ¼ 1000, as shown in Table 2. Thus the first twenty-six modes
are selected for the following validation and examples analysis
with a convergent solution.
In addition, the proposed FE method for flutter analysis is
validated at DT ¼ 0. It can be seen from Fig. 2 that the limit-
cycle oscillation non-dimensional amplitudes calculated using
the proposed method are in good agreement with those of
Dowell.13
Additionally, the first ten eigen frequencies of the panel at
room temperature were calculated by the proposed method.
It can be observed from Table 3 that the obtained eigen fre-
quencies are in good agreement with those obtained from
MSC/NASTRAN. Moreover, the triangular meshes
(20  20  2) with MIN3 elements employed here can be ade-
quate to model the metallic panel for further dynamic and flut-
ter analysis.
3.2. Example analysis
The corresponding nonlinear dynamic responses of the panel
under different combined acoustic and aerodynamic loadings
are shown in Figs. 3–10, respectively. At each fixed SPL of
the random acoustic loading, four different non-dimensional
aerodynamic pressures (k= 0, 300, 400, and 700) are chosen
to investigate the aeroelastic effect on the nonlinear structural
dynamic behaviors. The results include the root mean square
(RMS) value, non-dimensional deflection time histories, phase
plots, power spectrum density (PSD), and non-dimensional.
6 7 8 9 10
8.40 360.09 449.49 449.97 573.66 573.77
6.25 367.88 458.16 460.67 585.76 586.95
9 2.16 1.92 2.38 2.11 2.29
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response.
For a fixed SPL (120 dB), the responses of the heated panel
(DT=DTcr ¼ 1:2) at different non-dimensional aerodynamic
pressures: 0, 300, 400, and 700 are presented in Figs. 3–6,
respectively. At a combined loading of SPL = 120 dB,
DT=DTcr ¼ 1:2, and k ¼ 0, the panel mainly experiences a
small-amplitude linear vibration about one of the two thermal
buckled equilibrium positions shown in the non-dimensional
deflection time history and phase plots (Figs. 3(a) and (b)).
The static instability phenomenon, thermal buckling motion
can be shown as a peak at the zero frequency as shown in
the spectrum response (Fig. 3(c)), which indicates the stiffness
loss of the heated panel. Thus this dynamic post-buckling
motion is dominated by the second peak below 80 Hz, which
indicates the first resonant frequency of the post-buckled
panel. In the non-dimensional deflection probability density
distribution plot (Fig. 3(d)), this post-buckling motion can
be directly demonstrated as one peak with a Gaussian distribu-
tion around the nonzero post buckled equilibrium position.
To investigate the aeroelastic effect on the structural
dynamic behavior of the acoustically excited heated panel in
supersonic flow, the non-dimensional aerodynamic pressure
is increased to k ¼ 300. The panel mainly experiences a
small-amplitude linear vibration around the zero amplitude
position shown in the non-dimensional deflection time history
and phase plots (Figs. 4(a) and (b)). Compared with its coun-
terpart case with null aerodynamic loading (Fig. 3), the spec-
trum response can be significantly changed. Firstly, the
initial peak at the zero frequency indicating that the thermal
induced static buckling motion disappears. This change indi-
cates that the stability of the thermal induced buckled equilib-
rium positions can be changed by the increasing aeroelastic
effect. Secondly, the initial dominant single resonance peak
(Fig. 3(c)) is replaced with two nonzero peaks, which indicates
that there exist more modes induced by the spatially correlated
aerodynamic loading due to the increased aeroelastic effect.
The non-dimensional deflection probability density distribu-
tion is also Gaussian, but around a newly established equilib-
rium position, zero deflection (Fig. 4(d)). As pointed out by
Zhu et al.,21,22 the stochastic bifurcation means the changes
in the number, location, shape, and magnitude of the peaks
of the amplitude probability density distribution of the station-
ary dynamic response. Thus the panel experiences a phe-
nomenon bifurcation due to the change of the equilibrium
position.
At k ¼ 400, the heated panel mainly experiences diffused
limit cycle oscillations (LCOs) (Figs. 5(a) and (b)). The initial
two dominant resonance peaks merge as one single peak due to
the increasing aeroelastic effect shown in the power spectrum
density plot (Fig. 5(c)). In this case, the response is mainly
dominated by the flutter motion. The non-dimensional deflec-
tions probability density distribution present two symmetric
peaks indicating the limit cycle oscillation amplitudes, and
thus the panel experiences dynamic-bifurcation due to panel
flutter.
As the non-dimensional aerodynamic pressure is increased
to k ¼ 700, the random response of the heated panel can be
much less disturbed by the external random loading, and with
such a high aerodynamic loading, the RMS of the stationary
solution can be increased to the panel thickness level. Thus
the cubic nonlinear stiffness induced by large limit cycle oscil-Please cite this article in press as: Wang X et al. Aeroelastic eﬀect on aerothermoacous
dx.doi.org/10.1016/j.cja.2016.10.003lation amplitudes can affect the panel response. Firstly, the
symmetry of the initial phase plot (Fig. 5(b)) can be changed
(Fig. 6(b)). Secondly, the spectrum response, in addition to
the shifted frequency due to increased k is enriched by its
ultra-harmonic motions (3, 5, and 7 times of the fundamental
resonant frequency) (Fig. 6(d)).
In these three cases with a fixed SPL (120 dB), it is con-
cluded that increasing k can break down the thermal induced
static buckling bifurcation, and thus establish a new equilib-
rium position. Additionally, the spectrum response can be sig-
nificantly altered, as the spatially correlated aerodynamic
loading can be excited by the aeroelastic coupling mechanism.
Thus the increasing aeroelastic effect can lead the random
aerothermoacoustic response into a highly ordered motion
(LCOs) compared with the pure thermo-acoustic random
motion.
For another fixed SPL = 140 dB, the responses of the
heated panel at different non-dimensional aerodynamic pres-
sures k= 0, 300, 400, and 700 are presented in Figs. 7–10,
respectively. It can be seen that the panel exhibits totally differ-
ent behaviors.
Comparing the case of SPL = 140 dB (Fig. 7) and k= 0
with the case of SPL = 120 dB and k= 0 (Fig. 3), the panel
basically experiences an intermittent snap-through motion, as
the random acoustic loading with a higher intensity can easily
drive the panel from one thermal buckled equilibrium position
to the other symmetric one as shown in the time history plot
(Fig. 7(a)) and the phase plot (Fig. 7(b)). As the snap-
through behavior is characterized with zero eigen frequency,
and the spectrum response of the post-buckling motion is
related to the additive stiffness due to diffused buckled deflec-
tions, so there exists a broad spectrum plateau near the zero
frequency (Fig. 7(c)). Meanwhile, the sub-motions including
snap-through and post-buckling motion can be directly seen
in the phase plot (Fig. 7(b)) and the non-dimensional deflec-
tions probability density distribution plot (Fig. 7(d)). In the
latter plot, there exist two distribution plateaus indicating
the post-buckling motion affected by the counterbalance
mechanism between random excitation and additive stiffness
due to diffused post-buckled deflections.
As the non-dimensional aerodynamic pressure is increased
to k ¼ 300, the panel also experiences a small linear vibration
around the zero amplitude position as shown in the non-
dimensional deflection time history (Fig. 8(a)). Compared with
the counterpart cases (Figs. 3 and 4) with SPL = 120 dB, the
RMS can be less reduced by the increasing aerodynamic load-
ing than that of the case with null aerodynamic loading. Addi-
tionally, the spectrum response of the heated panel can be
largely affected by the increased SPL (140 dB) in this case.
The initial two dominant resonance peaks can be broadened
and shifted to a higher frequency due to larger deflections
(Fig. 8(c)). Correspondingly, the initial distribution peak
(Fig. 4(d)) is replaced with a distribution plateau around zero
position in the non-dimensional deflections probability density
distribution plot (Fig. 8(d)).
As the non-dimensional aerodynamic pressure is increased
to k ¼ 400, compared with its counterpart case with
SPL = 120 dB, the non-dimensional deflection time history
(Fig. 9(a)) does not present a typical flutter motion, i.e., limit
cycle oscillations, but a random motion. In the phase plot
(Fig. 9(b)), the ellipse orbits of diffused LCOs can be largely
disturbed by the external random loading, and thus the ampli-tic response of metallic panels in supersonic ﬂow, Chin J Aeronaut (2016), http://
Fig. 3 Response of heated (DT=DTcr ¼ 1:2) panel at 120 dB, k ¼ 0, and RMS = 0.3977.
Fig. 4 Response of heated (DT=DTcr ¼ 1:2) panel at 120 dB, k ¼ 300, and RMS = 0.1374.
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Fig. 5 Response of heated (DT=DTcr ¼ 1:2) panel at 120 dB, k ¼ 400, and RMS = 0.4403.
Fig. 6 Response of heated (DT=DTcr ¼ 1:2) panel at 120 dB, k ¼ 700; and RMS= 0.9172.
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Fig. 7 Response of heated (DT=DTcr ¼ 1:2) panel at 140 dB, k ¼ 0, and RMS = 0.4189.
Fig. 8 Response of heated (DT=DTcr ¼ 1:2) panel at 140 dB, k ¼ 300, and RMS = 0.4627.
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Fig. 9 Response of heated (DT=DTcr ¼ 1:2) panel at 140 dB, k ¼ 400, and RMS = 0.5415.
Fig. 10 Response of heated (DT=DTcr ¼ 1:2) panel at 140 dB, k ¼ 700; and RMS= 0.9205.
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Fig. A1 Triangular element coordinate description.26
12 X. Wang et al.tudes can be diffused in a much wider range. Correspondingly
there exists a distribution plateau in the non-dimensional
deflection probability density distribution plot (Fig. 9(d)). All
these random phenomena can be attributed to the particular
spectrum response (Fig. 9(c)), where the initial resonance
peaks become much broader. Compared with the counterpart
case (Fig. 5(c)), the neighboring frequency regions of the first
resonant peak are elevated to a higher level due to large deflec-
tions with the panel thickness level, which can result in a non-
linear frequency-amplitude response and multi-value
frequency regions.
Ultimately, as the non-dimensional aerodynamic pressure is
increased to k ¼ 700, the panel mainly experiences diffused
LCOs shown in the non-dimensional deflection time history
(Fig. 10(a)) and the phase plot (Fig. 10(b)). Compared with
the case of SPL = 120 dB (Fig. 6), the heated panel can be
easily disturbed by the increased external random acoustic
(SPL = 140 dB). As the RMS (=0.9205) is near to the panel
thickness level, thus the response can be complicated by the
nonlinear frequency-amplitude response. Thus in the spectrum
response (Fig. 10(c)), there are broader resonant peaks excited
compared with its counterpart case (Fig. 6(c)). Correspond-
ingly, the LCO amplitudes can be kept in a wider range as
shown in the phase plot, which can be alternatively demon-
strated as out rings beyond two symmetric LCO amplitude
peaks in the non-dimensional deflection probability density
distribution (Fig. 10(d)). In this case, the response can be con-
sidered as a compromise motion due to the balance between
the random vibration and the LCO.
To comprehensively study the counterbalance relationship
between random excitation and aeroelastic effect, the fluttering
panel can be reasonably treated as a linear filtering31 to the
wind band random excitation (Fig. 6(c)). On the other hand
the spectrum response of the heated panel can be changed by
external random excitation through the nonlinear frequency-
amplitude response due to nonlinear stiffness, which can be
excited by the large deflections of the panel thickness level
under high-intensity random excitation.
4. Conclusions
In the present study, a time domain finite element method was
presented for the nonlinear aerothermoacoustic response of
heated metallic panels subjected to combined acoustic and
aerodynamic loading. The aeroelastic effect on the nonlinear
dynamic response was investigated from the perspectives of
the statistics and the spectrum of the stationary response.
The following conclusions can be obtained:
(1) The aerothermoacoustic response can be remarkably
affected by the increasing aeroelastic effect. For a rela-
tively low-level random acoustic excitation, the increas-
ing aeroelastic effect can change the equilibrium position
of the heated panel from two symmetric thermal buckled
positions to one single equilibrium position, the flat
position. Thus the stochastic bifurcations can be obvi-
ously altered.
(2) Additionally, the increasing aeroelastic effect can induce
a specific spatially correlated aerodynamic load. Thus
the spectrum response of the heated panel under spa-
tially uniform, random acoustic loading can be signifi-Please cite this article in press as: Wang X et al. Aeroelastic eﬀect on aerothermoacous
dx.doi.org/10.1016/j.cja.2016.10.003cantly affected by the aeroelastic effect. This effect can
be characterized by the frequencies coalescence mecha-
nism, which is the reason for panel flutter. With such a
highly ordered spectrum, the fluttering panel can be
treated as a linear filtering. Thus the increasing aeroelas-
tic effect can lead the random thermo-acoustic response
to a highly ordered motion, diffused limit oscillation. All
these changes can be accompanied with specific stochas-
tic bifurcations.
(3) As for a higher-level random acoustic excitation, the
counterbalance mechanism between the random acous-
tic excitation and the aeroelastic effect functions is like
this. Under high-intensity random loading, the nonlin-
ear stiffness, induced by large deflections with the panel
thickness level, can result in a nonlinear frequency-
amplitude response, which indicates some unstable fre-
quency regions with multi-valued amplitudes. Thus the
highly ordered spectrum response due to a flutter
motion can be altered, and the panel presents a random
thermo-acoustic response again. On the other hand
under high aerodynamic pressure, this nonlinear stiff-
ness can result in an ultra-harmonic motion. It is con-
cluded that the aeroelastic effect has to be considered
for an accurate fatigue life prediction of panel
structures.
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Appendix A. Interpolation shape function of MIN3 element
In the derivation of the interpolation shape function, it is nec-
essary to present the parametric coordinates expressed in terms
of sub-triangle areas (refer to Fig. A1) using Cartesian coordi-
nates of the three nodes 1ðx1; y1Þ, 2ðx2; y2Þ, and 3ðx3; y3Þ as26
Si ¼ 1
2
1 x y
1 xj yj
1 xm ym

 i ¼ 1; 2; 3; j ¼ 2; 3; 1; m ¼ 3; 1; 2
ðA1Þtic response of metallic panels in supersonic ﬂow, Chin J Aeronaut (2016), http://
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2
1 x1 y1
1 x2 y2
1 x3 y3

 ðA2Þ
Introducing the following parameters
ai ¼
xj yj
xm ym


bi ¼ 
1 yj
1 ym


ci ¼
1 xj
1 xm


8>>>>>><
>>>>>>:
ðA3Þ
Thus the parametric coordinate is
ni ¼ SiS ¼ 12S ai þ bixþ ciyð Þ i ¼ 1; 2; 3
ðn1; n2; n3Þ ¼ 1A ðA1;A2;A3ÞX3
i¼1
ni ¼ 1
8>><
>>>:
ðA4Þ
Based on the parametric coordinate, the relationships
between these two coordinates are
n1
n2
n3
2
64
3
75 ¼ 12S
a1 b1 c1
a2 b2 c2
a3 b3 c3
2
64
3
75 1x
y
2
64
3
75
1
x
y
2
64
3
75 ¼ 1 1 1x1 x2 x3
y1 y2 y3
2
64
3
75 n1n2
n3
2
64
3
75
8>>>><
>>>>:
ðA5Þ
The nodal displacement vectors of an MIN3 element
(Mindlin-type, three nodes with each five degrees), i.e.,
wb ¼ w1 w2 w3½ T
wu ¼ ux1 ux2 ux3 uy1 uy2 uy3
 T
wm ¼ u1 u2 u3 v1 v2 v3½ T
8><
>: ðA6Þ
can be rewritten using the interpolation shape function matri-
ces as
u0 ¼ Huwm
v0 ¼ Hvwm
w0 ¼ Huwb þHuuwu
ux ¼ Huxwu
uy ¼ Huywu
8>>><
>>>>:
ðA7Þ
The interpolation shape function matrices can be expressed
in terms of parametric coordinates as
Hw ¼ ½ n1 n2 n3 
Hwu ¼ ½L1 L2 L3 M1 M2 M3 
Hux ¼ Hu ¼ ½ n1 n2 n3 0 0 0 
Huy ¼ Hv ¼ ½ 0 0 0 n1 n2 n3 
8>><
>>: ðA8Þ
where
Li ¼ 18 bmNiþ3  bjNmþ3
 
Mi ¼ 18 cjNmþ3  bmNiþ3
 
Niþ3 ¼ 4ninj; i ¼ 1; 2; 3; j ¼ 2; 3; 1; m ¼ 3; 1; 2ð Þ
8><
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